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Similarly, any resistor used for parallel feedback 
has the effect of reducing the parallel noise resistance 
of the amplifier. These considerations do not, of 
course, affect the general result that, for a given 
frequency response, the closed-loop noise figure is 
equal to the open-loop noise figure; but in calculating 
the open-loop conditions we must take care to include 
the effects of all the components of the feedback 
network, even although the latter is assumed to be 
inoperative. 

4.3. CE, CC and CB Connections 

It is often said that there are three basic ways of 
using a bipolar transistor in a linear circuit, these 
being the common-emitter (CE), common-base (CB), 
and common-collector (CC) configurations. Now 
although this approach is often useful it can also be 
very misleading, and has certainly led to a plethora 
of time-wasting algebraic work. Generally speaking, 
we should regard the basic amplifying action of the 
transistor as being with the input voltage applied 
between base and emitter, and the output current 
generated in the emitter-collector circuit; this approach 
is clearly brought out by the well-known hybrid-n 
equivalent circuit. The CB and CC configurations 
then appear as feedback modifications of the basic 
action: in normal feedback terminology, the CB 
arrangement is one of parallel current feedback, and 
the CC (emitter-follower) one of series voltage 
feedback. 8 

has the same a 
noise figure as b 

Fig. 8. CB noise figure. 

The application of the theory of this section to the 
CB case is perfectly simple. Figure 8(a) shows the 
a.c. equivalent circuit of a CB-connected transistor, 
with an emitter resistor RI and operating from a 
signal source of resistance Rs, shown here in its 
current-generator equivalent form. The corresponding 
open-loop arrangement is shown in Fig. 8(b) and, by 
the principle developed in Section 4.1, we see that 
Figs. 8(a) and 8(b) will both give the same noise 
figure at any given frequency, assuming of course that 
the transistor is operating under the same d.c. con­
ditions in the two cases. Some designers have made 
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the mistake of assuming that, because the CB arrange­
ment has a much lower input resistance than the 
CE arrangement, it can be used in conjunction with a 
much lower source resistance without detriment to the 
noise figure; it should be clear from Fig. 8 that this 
is not correct. 

The case of the CC (emitter-follower) amplifier is not 
so simple, because of the fact that the output is the 
voltage across the emitter resistor itself, rather than 
the output current of the transistor. When a detailed 
calculation is done, we find the result illustrated in 
Fig. 9. 

Since the feedback is of the series type, the signal 
source is most appropriately represented as a voltage 

a 

Fig. 9. CC noise figure. 

a has the san)e b nOise figure as 

Fig. 10. Nojse figure of CE amplifier with emitter feedback. 

generator. The figure shows that in calculating the 
noise figure of a CC stage we must regard the resistor 
RI as being merely shunted across the output and not 
as being an additional resistance in series with the 
input circuit. 

This is in contrast with the situation shown in 
Fig. 10, which is a CE amplifier with emitter feedback. 
Here the feedback is of the normal series current type, 
and the emitter resistor appears in series with the 
input circuit. 

It is easy to make an experimental demonstration 
of the essential difference between the CC stage and 
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the CE stage with emitter feedback. The circuit of 
Fig. l O(a) may be set up with Re = R1,  and driven 
from an a.f. signal source of very low resistance. With 
typical circuit values, say le = 1 mA and resistors of 
several kilohms, there is a spectacular difference 
between the signal/noise ratio measured at the emitter 
and at the collector, although of course the magnitude 
of the signal gain is unity at each point. 

4.4. Use of Negative Feedback to Improve Noise 
Figure 

In one sense, as we have seen, it is impossible to 
improve the noise figure of an amplifier by applying 
negative feedback; this statement is true when we 
are comparing the closed-loop situation with the 
open-loop situation for an amplifier whose circuit 
remains otherwise unchanged. On the other hand, 
we may compare one amplifier which provides certain 
performance parameters (e.g. gain, input impedance, 
output impedance, power output, efficiency, band­
width) without the use of negative feedback, with 
another amplifier which utilizes the principles of 
negative feedback to obtain the same performance 
parameters. On this basis of comparison, it is often 
possible to obtain a great improvement in noise figure 
by the use of negative feedback. 

A simple example of this arises in the case where 
one requires an amplifier to have a very low input 
resistance, say I n, but to give a good noise figure 
from a comparatively high source resistance, say 
I kn. One could obtain the required input resistance 
by connecting a 1 n resistor across the input terminals 
of a non-feedback transistor amplifier; but the effect 
on the noise figure would be disastrous. By the use 
of the parallel-feedback (operational-amplifier) tech­
nique we can obtain the required input resistance 
without any adverse effect on the noise figure. 

Another example arises when we are dealing with 
power output stages, which may have a very poor 
noise figure. By adding a low-noise preamplifier, as 
discussed in Section 2.6, we may improve the noise 
figure; on the other hand, this preamplifier may in­
crease the overall gain to an unacceptably high value. 
The use of negative feedback will enable the gain to 
be brought back to the required value without change 
in the overall noise figure. 

Yet another case of practical importance is that 
in which we are required to provide a low-noise 
amplifier of widely variable gain. An output attenua­
tor is usually not acceptable because of its effect on 
the dynamic range; and an input attenuator will ruin 
the noise figure. It is often possible to obtain a variable 
gain with constant noise figure by providing a negative­
feedback network with variable feedback ratio. 

Basically, the virtue of negative feedback is that it 
enables the input resistance, and the gain, of the 
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system to be adjusted to the required value without 
detriment to the noise figure. 

5. Practical Circuit Design 

5. 1 .  Worst-case Design of the Input Stage 

The discussion in the previous sections has in 
principle given enough information to enable low­
noise a.f. amplifiers to be designed. However, in 
practice the designer is not usually in possession of 
all the required parameters, and in this section we 
shall consider some experimental short-cuts which 
will prove useful. 

The basic problem is the lack of reliable informa­
tion about flicker-noise parameters, although in a 
later paper we shall be presenting the results of a 
large number of flicker-noise measurements on 
devices submitted to us by manufacturers as low-noise 
devices. 

From a practical engineering point of view, we 
want to design the input circuit in such a way that 
we are sure that the component values are correct. 
If the circuit then does not give the required noise 
figure, we shall know that the fault is in the input 
device itself rather than in its operating conditions; 
the selection of a suitable input device, if only by a 
process of trial-and-error, is then a straightforward 
matter. 

We shall assume that the required upper-limit noise 
figure Fl has been specified-this will often be in the 
neighbourhood of 1-3 dB, because such a noise figure 
is likely to be indistinguishable from unity (0 dB). 
The first case to be considered is that in which the 
source resistance Rs is specified, and we do not wish 
to use a transformer. As a first choice for an input 
device we consider a bipolar transistor, the assumption 
being that it is a modern device designed for low­
noise work at audio frequencies, having a direct­
current gain of over 100 at collector currents down 
to 1 !lA or less. As far as flicker noise is concerned, 
the situation is that we cannot accurately predict the 
value of P� (defined by equation (20)) as a function 
of frequency and collector current for any individual 
transistor; however, we know that generally the 
flicker-noise characteristic frequency WF falls as le 
is reduced, so that provided we have chosen a device 
in which the d.c. gain Po is practically independent 
of le we shall obtain the least flicker noise by operating 
the transistor at as Iow a value of le as possible. In 
practice, the choice of le is normally made on the 
basis of equation (22) ; although this is only correct 
if conditions (2 1) are satisfied, it is always sufficiently 
accurate to be used for worst-case design. Equation 
(22) shows that even if P� were infinite a lower limit 
to le would be imposed by the requirement that 

(rb+re/2) < Rs(Fl - l) . . . . . . (3 1)  
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The actual optimum value of le cannot be deter­
mined accurately; however, it is reasonable to assume 
that f3� does not vary very rapidly with le so that, for 
a given value of f3�, the transistor will be operating 
from its optimum source resistance when the second 
and third terms in equation (22) are equal. Now the 
worst acceptable value for f3� is that which gives the 
required noise figure Fl when the optimum source 
resistance is used; accordingly we obtain the condition 

.. .. .. (32) 

as the basis for calculating the operating current of the 
input transistor. 

If we are dealing with broad-band amplifiers, the 
effective value of f3� is a suitable average over the 
required frequency range; the same principles apply 
to the choice of operating current. 

In applying equation (32), we put in typical values 
of rb for the transistor type to be used, if this has 
already been decided on ; otherwise we put in a value 
of 100 0, which is about the lowest value that can be 
reliably obtained from present-day low-noise devices. 
If equation (32) then gives rb � re/2, we may use 
a device with a higher value of rb without substan­
tially affecting the noise figure. On the other hand, 
it may be impossible to satisfy equation (32) with 
rb = 100 0 and a positive value of re, in which case 
we use the parallel-transistor technique described in 
Section 2 .5 .  In fact, it is generally undesirable to 
operate a transistor under conditions where re < rb' 
because such conditions make unduly high demands 
on the value of f3� if a good noise figure is to be 
achieved; in practical terms, this means that input 
transistors should not normally be run at collector 
currents greater than about 250 /lA. Thus if equation 
(32) leads us to the requirement that re < rb' we 
should consider the use of n transistors in parallel, 
applying equation (32) with Rs replaced by nRs. 

We now come to the case where an input trans­
former is to be used. In principle this means that 
we have a free choice of our value of effective source 
resistance, although in practice there will be an upper 
limit to the usable secondary impedance imposed by 
winding capacitance and also by mechanical con­
siderations. In practice, for a noise figure of 1 dB 
it is not necessary to use a secondary impedance 
greater than 10 kO. 

So far we have not considered the use of j.f.e.t. 
as an input device. This is because most of the 
currently available j.f.e.t.s have high values of RNv 
at low audio frequencies so that satisfactory noise­
matching is only obtained from rather large source 
resistances. However, the time may come when low­
cost j.f.e.t.s are available with values of RNv of a few 
hundred ohms throughout the audio-frequency range, 

28 

and they will then be the natural first choice as input 
devices. 

5 .2 .  The Feedback Resistor 

Any modern circuit design is likely to incorporate 
a high degree of negative feedback. This will involve 
the inclusion of a resistor either in series or in parallel 
with the input circuit, and we must now discuss the 
way in which the results of Section 5 .1 may be modified 
to allow for the effect of this feedback resistor. 

The effect on the input circuit of a series feedback 
resistor RFS can very simply be included in the 
discussion of Section 5 .1 by replacing the base 
resistance rb by the total effective ohmic series 
resistance (rb + RFS) ' In the case where we have a 
parallel feedback resistor RFP, we must include in 
equation (22) an additional term (RsIRFp) ; generally 
speaking, we should choose RFP so that the contri­
bution of this term to the noise figure is less than the 
contributions of the terms dependent on transistor 
characteristics. This implies that 

RFP > 3Rs/(F 1 -1) 

but this criterion may, in practical cases, not be 
sufficiently rigorous. When the required value of 
RFP has been established, the operating current of 
the first stage may be determined from equation (32) 
with the quantity (Fl - 1) replaced by (Fl - 1- RsIRFp) , 
This modification places more stringent requirements 
on the value of f3�, for which reason it may be desirable 
to satisfy the above condition with as large a margin 
as is practicable. 

5 . 3 .  Worst-case Design of the Second Stage 

One of the commonest errors in low-noise circuit 
design is the failure to ensure that the second stage 
does not contribute to the total flicker noise. In this 
section we shall make a worst-case analysis which 
will lead to a rule-of-thumb to aid the circuit designer. 
The worst case can be set up by assuming that the 
source resistance is zero, so that the input transistor 
is generating less noise than it ever will in a practical 
situation. With this assumption, we shall attempt to 
find a criterion which ensures that the noise contri­
bution of the second stage is negligible. 

If the input transistor is being operated under low­
noise conditions, the effect of the base resistance rb 
can be neglected in this discussion. From equations 
(23) we see that the noise in the input transistor can 
therefore be represented by a voltage generator with 
mean-square value 2re lkTAJ, where re l is the emitter 
resistance of the input transistor. Now the transfer 
admittance (mutual conductance) of this transistor 
is approximately 1 lre l ,  so the noise current generated 
by the input transistor in the CE or CB configuration 
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has a mean-square value 2kTtJ.j/re 1 •  Now, as we 
shall see shortly, the noise contribution of the second 
transistor is normally dominated by the effect of the 
equivalent noise-current generator. Equations (23) 
show that the mean-square value of this generator is 
2kTtJ.f//3�2 re2 ' where the subscript 2 refers to the 
values for the second transistor. If this is not to 
contribute substantially to the overall noise, we must 
establish the condition that 

which is equivalent to the condition 

. . . . .  . (33) 

To obtain the corresponding condition for the case 
of a CC (emitter-follower) input stage, we observe 
that if Rs is zero the output of the first transistor is 
equivalent to a voltage generator of mean-square 
value 2re l kTtJ.j in series with a resistance re i '  This is 
equivalent to a current generator of mean-square value 
2kTtJ.f/rc 1 in parallel with re i '  and it fol lows that 
condition (33) is also applicable to the CC con­
figuration. 

Although equation (33) has been derived on the 
assumption of a somewhat extreme worst-case, it 
provides a very convenient design basis for the 
instrumentation or communications engineer. At 
worst, it will result in a circuit which contains one 
more transistor than is strictly necessary; but tran­
sistors are cheap, and design and development effort 
is expensive. 

It is interesting to notice that equation (33) cannot 
possibly be satisfied either by the traditional 'Darling­
ton pair' configuration, in which the emitter current 
of the input transistor is equal to the base current 
of the second transistor, or by the analogous com­
plementary design in which the collector current of 
the input transistor is equal to the base current of the 
second transistor (see Fig. 1 1 ) .  This is because the 
collector current in the second transistor is greater 
than that in the first transistor by a factor of /302 , so 
that re2 = re 1 //302 ' Thus with a zero source resistance, 
even in the absence of flicker noise, the second 
transistor makes a noise contribution equal to that 
in the first transistor; in practice the situation will 
probably be made very much worse by the effect 
of flicker noise. The direct-coupled stages shown in 
Fig. 1 1  can be greatly improved by shunting the input 
of the second transistor with a resistor to enable it 
to run with a lower value of collector current, appro­
priate changes being made in the remainder of the 
circuit. 

Now even a reasonably low-noise transistor may 
show a value of /3� approaching unity at the lower 
end of the audio-frequency range; this would be 
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true, for example, at 20 Hz if /30 were 100 and the 
flicker-noise characteristic frequency WF were 2 kHz. 
Therefore, if we want to be reasonably sure, even 
under the worst conditions (zero source resistance) 
and in the lowest part of the audio-frequency range, 
that the second transistor does not contribute to the 
overall noise, we make use of condition (33) in the 
form 

. . . . . .  (34) 

This condition is equivalent to the statement that 
the d. c. collector current in the second transistor should 
be equal to that in the ftrst transistor . 

------- + ------- + 

Input 

Fig. 11. Examples of noisy circuit design. 

As a last step, we must arrange that the voltage 
gain of the first stage is sufficiently high to ensure that 
we have satisfied the requirement, mentioned above, 
that the voltage-generator noise in the second tran­
sistor should be negligible. First we assume that the 
first stage has the CE or CB configuration, with 
collector load resistance Rc - this being assumed to 
include the effect of the input resistance of the second 
transistor. As we have seen, the noise current 
generated by the input transistor has a mean-square 
value 2kTtJ.j/re 1 ,  and this provides a noise voltage 
across Rc with mean-square value 2kTtJ.jRC

2
/re l '  

Now the voltage-generator noise in the second transis­
tor has a mean-square value 2rc2kTtJ.f, so our required 
condition is 

. . . . . .  (35) 

This condition is easily satisfied. The lowest 
value we are likely to use for Rc arises in a direct­
coupled complementary circuit where the direct 
voltage drop across Rc is only about 600 m V. 
Assuming for example that the d.c. collector current 
in the first transistor is 10 !lA, then re i will be 2 · 5  kO 
and Rc will be 60 kO. It is clear that (35) will be 
satisfied even if the second transistor has the same 
d.c. collector current as the first so that re2 = re i '  

For a C C  (emitter-follower) input stage the situa­
tion is not so favourable. Since the voltage gain is 
unity, the condition equivalent to (35) is 

. . . . . .  (36) 
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which can be formally obtained from (35) by putting 
Rc = re i but which is really self-evident. Obviously, 
we cannot satisfy both condition (34) and condition 
(36) ; for this reason the CC configuration is inherently 
more noisy for an input stage than the CE or the CB 
configurations. In some practical cases the difference 
is so slight as to be negligible, and the CC stage may 
be preferred for other reasons. 

5.4. General Comments on Circuit Design 

There are many textbooks on transistor circuit 
design, but it is an unfortunate fact that on the whole 
they are highly unsatisfactory. 

We must avoid being misled by the idea of a 'norm' 
of amplifier design consisting of a string of separate 
single-transistor or two-transistor stages with capa­
citor coupling and with feedback (if any) provided 
by individual emitter resistors. The amplifier should 
be designed as a whole, with direct coupling between 
the transistors unless there is some good reason to 
the contrary, and with a high degree of d.c. and a.c. 
feedback taken around each direct-coupled group. 
As a matter of course, silicon transistors will be used 
throughout. Apart from the obvious economies in 
components, this approach enables a greater number 
of transistors to be included in the feedback loop so 
that the noise contribution of the feedback resistor 
can be reduced to the lowest possible level. 

We must also avoid the assumption that noise 
considerations are a sort of 'extra' which only needs 
to be taken into account under exceptional circum­
stances. As a matter of general engineering workman­
ship, the good designer ensures that, whatever the 
specification, his circuits do not show an unnecessarily 
high noise level; and a prospective purchaser who has 
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to choose between two otherwise identical pieces of 
equipment will always choose the one showing the 
lower noise level. It is by no means unusual to find a 
factor of 100 or more between the noise levels shown 
by the product of a 'noise-conscious' designer and 
the product of a designer who follows typical text­
book principles. 
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cases where V2 = 0 · 2 Y  d.c.,  0 · 5 Y  d.c.  and VI ' The lowest 
trace shows the zero level of the output. The circuit works 
well as a divider for i n put voltages from 0 · 01 to I ·  5 Y. 
Q. V. DAVIS 19th October 1966 

Department of Electrical and Control Engineering 
University of Surrey 
Battersea Park Road, London S W] J, England 

O PT I M U M  D E S I G N  O F  LOW- N O I S E  

A M P L I F I E R S  

The letter outl i nes theoretical and experimental work o n  the 
opti mum design of low-noise t ransistor amplifiers. 

The fundamental sources of noise in a bipolar transistor have 
been analysed by van der Ziel, I from whose equations the 
following expression emerges for the low-frequency noise 
figure F in terms of the source impedance Rs (assumed real), 
and the emitter resistance 'e' the base resistance rb and the 
low-frequency common-emitter current gai n  f30 of the 
transistor : 

F = 1 + (rb + t� + (Rs + rb + re)2 ( I )  
Rs 2f3oreRs 

In this equation, the effect of collector-leakage current is  
ignored and the signal frequency is  assumed high enough to 
ensure that  I /f noise i s  negligible, but  well below the fre­
quency fT /y'f30 at which the noise begin s  to increase because 
of h igh-frequency effects in the transistor.2  

If we further assume that we are us ing a modern l ow-noise 
si l icon planar transistor, and that the direct collector current 
le does not exceed I mA, we may assume that f30 ;» 1 and 
also that BOre ;» rb ; so that, to a good approximation, we 
can rewri te eqn. 1 in the form 

F = I + (rb + tre) + Rs 
Rs 2f3ore 

(2) 

Finally, we express eqn . 2 i n  terms of noise voltage and 
current generators, wh ich are most conveniently evaluated i n  
terms of a series noise resistance RNv and a parallel noise 
resistance RNi, with correlation coefficient y ;  expressed i n  
terms o f  these parameters, the noise figure F, t h e  optimum 
source resistance (Rs)oPI and the corresponding minimum­
noise figure Fmin are given by the relations3 

F = 1 + RNv + Rs + 2y / RNv } 
Rs RN; 'V RNi 

(Rs)oPI = y'(RNvRN;) 
Fmin = I + 2(1 + y)��:; 

(3) 

Equating coefficients of Rs between eqns. 2 and 3, we arrive 
at the conclusion 

(4) 
In Fig. I ,  these two noise resistances are plotted against le 
in a straight-l ine approximation for an 'ideal' transistor in 
which 130 = 100, i ndependent of le, and rb = loofl. The 
dotted line shows (Rs)opt> which is simply the geometric 
mean of the two noise resistances ; furthermore, the quantity 
(Fmin - 1), given according to eqns. 3 and 4 by 2y'(RNv/RNi), 
is indicated at any valUe of le by the separation between the 
dotted line and one of the solid lines. 

The range of le in which tre ;» rb' so that the two noise 
resistances are substantially proportional to each other, may 
be called the low-noise regime, where Fmin = 1 + 1 /y'f3o. 
In the region of higher le, where the series noise resistance 
becomes dominated by the base resistance, Fmin increases 
with le. 

We have carried out a large number of measurements on 
the noise generators in s ilicon planar transistors at frequencies 
between 1 0 Hz and 20kHz, which will be discussed fully in a 
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later publication. The general result is that, in the specified 
frequency range, the observations can usually be fitted to 
curves of the form in Fig. I ,  provided that 'b and f30 are 
treated as adjustable parameters. We have no evidence that 
the l imiting value of RNv is usually equal to the effective 
ohmic resistance between the base terminal and the emitter­
base junction, although it  obviously cannot be less than this, 
and we have not found it to be lower than 50 fl for any transistor. 

Our results are i n  agreement with the well known fact that 
there is not much difficulty i n  obtaining from bipolar tran­
sistors a noise figure very close to unity at audio frequencies 
for source resistances i n  the range 200-2 kfl. The diffi­
culty has arisen with source resistances less than 2 ill, 

10' 

10' 

10' 

10' 

0· 1 10 Ic ' pA 
Fig. 1 Noise resistances for an ideal transistor, with Po = 100 and 
rb = 100 n 
because the limiting series noise resistance is normally 
between 1 00 and 400fl for typical small-signal transistors. 
If this were entirely due to the ohmic base resistance, it should 
be possible, in principle, to obtain a good noise figure from 
an arbitrarily low source resistance, by the choice of a suffi­
ciently large transistor ; the fact that this approach is not 
generally a useful one (because of considerations of current 
gain ,  frequency response and cost) is impl icit in the familiar 
principle (Reference 4, for example) that, in order to obtain 
a satisfactory noise figure with a low source impedance, one 
must use a transformer. 

The use of an input transformer in a low-noise audio­
frequency circuit i s  usually highly undesirable, and in many 
cases impossible. We shall now describe a technique which 
has been used in this laboratory to improve the noise figure 
of audio-frequency amplifying systems where the source 
impedance is 1 kfl or less, based on the fact that, when n 
identical amplifiers are connected in parallel, the series noise 
resistance and parallel noise resistance are both reduced by 
a factor n compared with the corresponding value for one of 
the amplifiers. 

To prove this result, we consider the signal/noise ratio 
given by the parallel combination for very low and very high 
source impedances. When Rs --+ 0, the mean-square signal 
current delivered into the load is  i ncreased by a factor n2 
compared with a single amplifier, but the mean-square 
noise current is only increased by a factor n, because 
the noise generators of the individual amplifiers are not 
correlated ; thus the signal/noise ratio is improved by a factor 
n compared with that given by a single amplifier. When 
Rs -+ co, the source current is shared between the amplifiers, 
and the signal-output current is only the same as that available 
from a single amplifier ; so the total signal/noise ratio is 
deteriorated by a factor n. Comparison of these results with 
eqn. 3 shows that both RNv and RNi have been reduced by a 
factor n, owing to the parallel connection of the amplifiers. 
An extension of this argument shows that, if the n amplifiers 
have different values of RNv, the appropriate formula for the 
series noise resistance of the combination is n-2'i:.RNu' 
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Fig. 2 shows the basic configuration (feedback components 
being omitted) of a 4-transistor input stage employing this 
principle. The series and parallel noise resistances of the 
circuit are still related to the individual collector current le 
by curves of the form of Fig. I ; but the resistance scales, and 
therefore the lower limit of the low-noise regime, are shifted 
by a factor of 4. With this circuit, we obtain an improvement 
of 6 dB in noise figure from a very low-impedance source, 
compared with that given by a single transistor without a 

- 9 V ---------, 

Fig.  2 Low-noise input circuit 
Transistors: 2N3702 
Emitter resistors: 8 ·  2 kO 

transformer ; and a noise figure of 3 dB is obtainable from a 
30 r! source. This technique should be particularly applicable 
to field-effect transistors, whose noise performance is  basically 
limited by the voltage-generator, rather than the current­
generator, noise, and we are carrying out experimental work 
along these lines. 

The author is much indebted to D.  W. Harding of this 
laboratory, who carried out the experimental work. 

E.  A.  FAULKNER 18Th OCTober 1966 
J. J. Thomson LaboraTory 
University of Reading, 
Whiteknights, Reading, Berks. ,  England 
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T O P O LO G I C A L  A N A LY S I S  O F  

N ETWO R K S  CO N TA I N I N G  N U L L A T O R S  

A N D N O RATORS 

A topological analysis  of networks conta i n i n g  n u l l a  tors and 
norators is presented. Only one topo logical rule o f  deter· 
minant expansion is necessary ; summing of small numbers 
with big ones can be avoided when using i mpedances o r  
admi ttances as branches. 

A letter by Davies · dealt with the topological analysis of 
networks containing nulla tors and norators ; the same 
subject was discussed in a lecture read at the· Prague Summer 
School on Circuit Theory in 1 965.2 However, a different 
derivation of fundamental formulas enables a certain gen­
eralisation . 

The following theorems are used as a basis : 

(i) Generalised Ohm's law expressed in the form 

YVb = zib ( I )  

where Vb and ib are branch voltages and currents, respectively, 
and y and z are regular diagonal matrixes selected so that the 
product : 
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y = z- 'y 
is the diagonal matrix of all nonzero admittances. 
(ii) Kirchhoff's law expressed in the form 

Aib = 0 

Bt'b = 0 

(2) 

(3) 

(4) 

where A is an arbitrary cutset matrix (e .g. incidence matrix 
of the nodes and branches), B i s  an arbitrary loopset matrix, 
and t'b and ib are voltage and current vectors, respectively, in 
all branches under consideration. These may be branches 
with either nonzero admittances or nullators, norators and 
independent sources. The former will later be called regular 
branches and the latter (i.e. nulla tors, norators and sources) 
will later be called singular branches. The nulla tors and 
norators must appear in any circuit in pairs. 

Under the stated assumption, it  i s  possible to write the 
system equations in the form 

DX = E  

D =  

r' s; s� t; t� r" s;' s� t;' t:; 
Y 0 0 0 0 ! z O O  0 0 1 r 
o I 0 0 0 I 0 0 0 0 0 s. 

o 0 0 0 0 I 0 I 0 0 0 S2 

o 0 0 I 0 I 0 0 0 0 0 I ,  

o 0 0 0 0 I 0 0 0 0 I 12 
- - - - - - - - - - -� - - - - - - - - - -

B I 0 

J 
b 

- - - - - - - - - - -� - - - - - - - - - -
o i A a 

(5) 

(6) 

Here I and 0 are the corresponding identity and zero matrixes, 
r and r', r" are the rows and columns corresponding to the 
regular branches, s, and s;, s;' are those corresponding to 
nullators, s2 and s2' s2 are those corresponding to the norators, 
1. and t;, t;' are those corresponding to the independent 
sources of voltage, t2 and 12, t� are those corresponding to 
the independent sources of current, a are the rows of matrix 
A, b are the rows of matrix B, X' = [vb, ibJ, 

r s, S2 t. T2 b a 
E' = [0 0 0 v� i� I 0 I 0 J 

t'o and io are the vectors of the voltages and currents of 
independent sources. 

By modification of the matrix D (eqn. 6) and application 
of the Laplace rule, it is possible to derive all the network 
functions used from the system equation (eqn. 5). The 

b 

I 
i c :  N2 2 

H-- - -' -+---+-
I d  [ N ' , 2  

N12,12 

Fig. 1 Fundamental networks 

Input (branch I )  

a Omitted 
b Short circuit c Omitted 
d Nullator e Nocator f Short circuit 

Output (branch 2) 
Omitted 
Omitted 
S hort circuit 
Nocator 
Nullator 
Short circuit 
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